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Abstract. The self-starting dynamics of a model for passively mode-locked lasers
with saturable absorber, in which the optical amplifier has a saturable nonlinearity,
is examined. The basic assumption is that the laser will operate in the mode-locked
regime when the continuous-wave regime becomes unstable. Within the framework of
the modulational-instability analysis, a global map for the laser self-starting criteria is
constructed. According to this map, the saturable nonlinearity enhances the input-field
intensity required for laser self-starting. Analytical expression of the zero modulation-
frequency regime of this threshold input field is derived, which turns out to be valid
in the normal as well as in the anomalous dispersion regime, where evidence of self-
starting is also given.
Keywords: Operation regimes of laser optical systems, modulation and mode locking,
optical systems with saturable nonlinearities
1. Introduction
Mode-locked fiber lasers with saturable absorbers have become a
particularly attractive source of high-intensity short pulses [1, 2, 3, 4,
5, 6, 7, 8, 9, 10, 11, 12], for use in a vast area of modern communication
technology. In these optical devices, an intensity fluctuation acts in
conjunction with the fiber nonlinearity to modulate the cavity loss
without need of some external control. Although several mode-locking
techniques have been reported, for applications involving ultrashort
pulses produced at finite repetition rates passive mode-locking remains
the most preferred.
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Passive mode-locking rests essentially on an appropriate choice of the
gain medium, in this regard rare-earth-doped fiber amplifiers have
demonstrated high efficiency in femtosecond pulse multiplexing and
soliton-train laser applications [13, 14, 15, 16]. Indeed this specific class
of fiber-based gains is characterized by long upper-state lifetimes, so long
that the gain changes only slowly within the cavity roundtrip. In general,
because of the slow gain change, a fast saturable absorber will be required
to clean up both the leading and the trailing edges of the pulse. Erbium-
doped fibers [13, 14, 15, 16] are the most appreciated choice among rare-
earth-doped fiber amplifiers, they consist of silica optical fibers doped
with rare earth ions (Er3+), where the core of the amplifier is smaller
than in typical fibers so as to increase the available density of erbium
ions thus decreasing the optical pump threshold. These optical fibers can
be transformed into laser amplifiers by simply adding positive feedback
mechanisms, in this way erbium-doped fiber amplify optical signals by
means of stimulated emission inducing a population inversion, where
erbium ions are raised from their natural ground state to a higher energy
level [17]. Doping also provides means for controlling nonlinearity of the
amplifier, which can be tuned from weak to strong [18].
Though passively mode-locked fiber lasers can display a wealth of
operation regimes including continuous-wave (cw), plane-wave, period-
doubling cascade, soliton and chaotic regimes [6, 9, 10, 11, 12, 17, 19,
20, 21, 22, 23, 24], in most applications it is desired that the device
operates in the pulse regime. In this respect, a fundamental issue in
recent studies of passively mode-locked lasers with saturable absorber
has been their operation regime. As pioneer on this issue Haus proposed
[1] two possible schemes, the first involves direct simulations of the entire
evolution of the optical light starting from noise, while the second focuses
on the evolution of light intensity from cw. The second scheme rests
on a master equation describing the propagation of the optical field in
the laser cavity over roundtrips, thus allowing one follow its evolution
from cw to pulse. If numerical simulations provide details about the
evolution of the optical field from noise to either stable pulse or chaotic
structures [25, 26], it does not permit a global view of the field evolution
over a relatively broad range of values of characteristic parameters of
the laser system. On the contrary the second scenario, which is more
analytical, puts into play the modulation of an input field of arbitrary
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intensity over the cavity roundtrips. Most importantly it has the merit
to involve the cw as one of the transient regimes preceeding the fully
pulsed regime, a feature reminiscent of the phenomenon of modulational
instability suggesting that the cw will grow over roundtrips in the laser
cavity, and should become unstable above some threshold intensity.
The self-starting mechanism of passively mode-locked lasers has been
discussed previously [7] by considering a complex Ginzburg-Landau
equation (CGLE) with cubic nonlinearity, coupled to a two-level type
dynamic gain. However, for applications involving pulse multiplexes,
higher-order nonlinear terms and saturable nonlinearities in general
[27, 28] are required to favor multi-periodic solitons and bound-soliton
states[9, 19, 20, 21, 23, 29]. Therefore in this study we shall examine the
self-starting dynamics of a mode-locked laser with saturable absorber as
well as a saturable nonlinearity of the active medium. We follow the
modulational instability analysis which, as stressed above, provides a
global map of the dynamics of the laser system in different (i.e. cw
and pulse) regimes of operation. In this approach, the laser is assumed
to self-start when the cw regime is unstable and the laser operates in
the mode-locked regime. Therefore, the main objective of this work is to
investigate the effect of saturable nonlinearity on the self-starting feature
of the family of mode-locked lasers considered.
2. Steady-state cw solution
We are interested in the self-starting dynamics of a passively mode-
locked laser with fast saturable absorber, for which the optical amplifier
has a saturable nonlinearity. Typical examples of optical amplifiers
with saturable nonlinearity are semiconductor-doped glass fibers, indeed
doping in these materials leads to non-cubic and sometimes extremely
high optical nonlinearities [27] as compared with conventional optical
amplifiers with Kerr (i.e. cubic) nonlinearity [7].
The propagation of the laser field is governed by the following saturable-
nonlinearity CGLE:
∂U
∂z
= (g − ℓ+ iθ)U + (B + iD) ∂
2U
∂t2
+
Γ + iK
1 + γ|U |2 |U |
2U, (1)
where U(z, t) is the optical field, z is the cavity roundtrip number, t
is time, g is the gain, ℓ is the constant loss and θ is the phase change
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over each roundtrip. The characteristic parameters C and D account
respectively for the spectral filter and group-delay dispersion, Γ and K
are the fast saturable absorber and nonlinearity coefficients respectively,
and γ accounts for nonlinearity saturation in the fiber amplifier. The gain
dynamics will be described by the following equation [30, 31]:
dg
dt
= −(g − g0)
T0
− |U(z, t)|
2
T0Ps
g, (2)
where g0 is the homogeneous gain, Ps is the saturation power of the
saturable absorber and T0 is the gain relaxation time.
When γ = 0, the above model reduces to the case discussed by Chen
et al. in ref. [7]. For small γ, the last term in eq. (1) can be
expanded. This leads among others to the CGLE with a cubic-quintic
nonlinearity [32, 33, 34]. The self-starting dynamics in the case when the
fiber amplifier has a cubic nonlinearity has been investigated by Chen et
al. [7], within the framework of the modulational-instability approach. In
the present study we shall examine the effect of nonlinearity saturation
on self-starting, starting with the analysis of characteristic features of
plane-wave solutions in the steady state. In this context solutions to the
coupled set (1)-(2) are given by:
U(z) =
√
Pc e
iqsz, g(t) = gs, (3)
where Pc = U
2
c , qs is the plane-wave wave-number and gs is the steady-
state gain. Replacing these in eqs. (1) and (2) and separating real from
imaginary parts, we obtain:
gs = ℓ− ΓPc
1 + γPc
=
g0
1 + Pc/Ps
, (4)
qs = θ +
KPc
1 + γPc
. (5)
Eqs. (4) and (5) determine the steady-state gain gs and the wave-number
qs for which the laser has a plane-wave form. Eq. (4) is particularly
relevant since according to eq. (1), the existence of plane wave will
depend on the balance between the gain g and the loss ℓ. It follows
from eq. (4) that this balance should be determined by Pc and γ, for a
given saturation power Ps of the saturable absorber. Fig. 1 summarizes
the laser self-starting in the steady state regime, where the small signal
power gain is defined as in ref. [7] by exp(2g0) and where we considered
three different values of γ, namely γ = 0, γ = 0.1 and γ = 0.5.
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Figure 1. Self-starting region in the g0-ℓ plane for Pc = 1, Ps = 2, Γ = 0.01 and three
different values of the nonlinearity saturation coefficient namely γ = 0, 0.1 and 0.5.
3. Continuous-wave stability
To investigate the stability of the cw field U(z) given in formula (3), we
carry out a modulational-instability analysis by following the evolution
of the cw as it co-propagates with a plane-wave noise. Thus, consider
a small perturbation u˜(z, t) to the cw and a small deviation g˜ from the
steady-state gain gs, such that solutions to eqs. (1) and (2) now read:
U(t) =
[√
Pc + u˜(z, t)
]
e(iqz),
g(t) = gs + g˜. (6)
Replacing these in eqs. (1) and (2) and linearizing, we find:
u˜z = αu˜tt + (u˜+ u˜
∗)Fu +
√
Pcg˜, (7)
g˜t = − g˜
Te
+ Fg(u˜, u˜
∗), (8)
with
α = B + iD, Fu = Pc
Γ + iK
(1 + γPc)2
,
Fg = − ǫc
Te
(u˜+ u˜∗), ǫc =
g0
√
Pc
Ps(1 + Pc/Ps)2
, (9)
and the effective relaxation time Te is defined as:
Te =
T0
1 + Pc/Ps
. (10)
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The linear inhomogeneous first-order ordinary differential equation eq. (8)
can be solved by means of the Green-function method yielding:
g˜(t) =
∫ t
−∞
G(t, t′)Fg[u˜(t′), u˜∗(t′)]dt′, (11)
where G(t, t′) = e−(t−t
′)/TeH(t − t′) is the Green function with H(t − t′)
the step function. Now assuming:
[u˜(z, t), u˜∗(z, t)] = [A1, A2]e(κz+iωt), (12)
where κ is the rate of spatial amplification of the noise and ω the associate
time modulation frequency, eqs. (7) together with its complex conjugate
lead to the following secular equation in matrix form:
κ
(
A1
A2
)
=
[(
m1 m2
m∗2 m
∗
1
)
−m0
(
1 1
1 1
)] (
A1
A2
)
, (13)
with:
m1 = −α + Fu, m2 = Fu, m0 =
√
Pcǫc
1 + iωTe
. (14)
The determinant of the above 2 × 2 matrix gives rise to a quadratic
polynomial in the associate eigenvalue κ, the two possible roots of which
read:
κ1,2 =
ΓPc
(1 + γPc)2
−Bω2 −m0
±
√[
m0 − ΓPc
(1 + γPc)2
]2
− (Dω2)2 + 2DKPcω
2
(1 + γPc)2
,
(15)
where the subscripts 1, 2 refer to the plus and minus signs, respectively.
According to formula (15), the cw will be unstable (and hence the laser
will self-start) if the real part of κ is positive. It turns out that at zero
modulation frequency, when κ1 = 0 and κ2 = 2
ΓPc
(1+γPc)2
− 2√Pcǫc, we
need ǫc <
Γ
√
Pc
(1+γPc)2
for the laser to self-start. Quantitatively, this condition
implies two characteristic values of Pc above which self-starting can occur.
One of them is negative and hence unstable, while the positive one,
P (γ)c =
P
(0)
c
1− γ√Psg0/Γ , (16)
Saturable nonlinearity-induced mode-locked laser self-starting 7
Figure 2. (Color online) Parametric plots of κ1 (solid curves) and κ2 (dashed curves)
in the complex plane, for B = D = 0.05, Γ = 0.1, K = 0.01, Ps = 2, g0 = 4, T = 200
and different values of γ. Left two columns: Pc = 2, right two columns: Pc = 4. SS
means ”self-starting”.
sets a threshold input-field intensity above which the laser will self-start.
Note that in the case of mode-locked lasers with a cubic-nonlinearity
optical amplifier this threshold value should be:
P (0)c = Ps
(√
g0/PsΓ− 1
)
. (17)
For a best understanding of laser self-starting when the two eigenvalues
vary with the modulation frequency ω, we resorted to a global mapping
of the κ1,2 in the complex plane. Thus, fig. 2 are parametric plots of the
two eigenvalues for the modulation frequency in the range −5 ≤ ω ≤ 5,
where the imaginary part Im(κ) is plotted as a function of the real part
Re(κ). Values of characteristic parameters of the model are indicated in
the caption.
According to the graphs, self-starting is stronger for the cubic
nonlinearity and is enhanced by an increase of Pc. However, when
we increase γ for a fixed value of the input intensity Pc, the cw field
bedomes highly unstable. Actually this later observation is consistent
with the dependence of the threshold value P
(γ)
c of Pc, on the nonlinearity
saturation coefficient γ obtained in formula (16) and suggesting a higher
input field for laser self-starting when the nonlinearity is of a saturable
type.
It is worthwile recalling that the above analysis assumes the laser will self-
start (automatically in the pulse regime) when the cw regime is unstable.
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Figure 3. (Color online) Parametric plots of κ1 (solid curves) and κ2 (dashed curves)
in the complex plane, for B = D = −0.05, Γ = 0.1, K = 0.01, Ps = 2, g0 = 4, T = 200
and different values of γ. Left two columns: Pc = 2, right two columns: Pc = 4.
On the other hand in our discussions we assumed that the optical system
is in a normal dispersion regime (i.e. B and D are positive), where the
CGLE is equivalent to the NLSE such that the system admits quasi-
Schro¨dinger sech-type pulses in the mode-locked regime. Still, although
negative group-delay dispersion and spectral filter act against NLS sech-
type pulses, experiments have demonstrated that pulses can still form
in this case. The most interesting experimental evidences have been
reported in ref. [9], where multi-periodic and bound pulse states have
been shown to form when B and D cross zero from the positive branch.
As the two parameters decrease in the negative branch, multiple-pulse
structures sharpen while pulse durations get shorter and shorter. So to
say self-starting is also possible in the anomalous dispersion regime, and
in the present particular context this is evidenced by the parametric plots
of κ1 and κ2 shown in fig. 3.
4. Conclusion
The present work is to be seen as an extension of the study carried out in
ref. [7], to the general context of mode-locked lasers with highly nonlinear
optical amplifiers. In this respect, while we assume, as in this previous
work, that the laser will self-start (i.e. operate instantaneously) once the
cw regime is unstable, the modulational-instability analysis can actually
only provide relevant information about the stability of the cw regime.
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It strictly cannot help identiy the exact structures of the pulse and/or
multiple-pulse fields that would be stabilized in the mode-locked regime.
To determine the exact structures of the laser field in the mode-locked
regime we must solve the CGLE. In this task, numerical simulations
will enable us explore all the possible operation regimes inherent to the
dynamics of the above model. This is expected to reveal not just stable
pulse or multipulse regimes, but also transient states characterized by
period-doubling cascades and chaotic phases as established for the cubic-
quintic CGLEs [32, 33, 34, 35].
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